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Abstract—A numerical analysis has been conducted to examine combined radiation—convection—con-
duction heat transfer over a backward facing step flow. The LU-SSOR scheme and finite volume method
were used to solve the compressible Navier—Stokes equation and energy equation, while the radiative
transfer equation was solved by discrete ordinates method (DOM). The thermal behavior has been
influenced such that the fluid was heated up faster due to the radiation. Furthermore, the reattachment
length was also shrunk because of the reduced adverse pressure gradient. However, the radiative heat flux
was found to play some role in the recirculating zone only. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

The problem of an absorbing, emitting gas flow in a
backward facing step geometry has many engineering
applications, such as in industrial furnaces and in a
solid fuel ramjet engine. In the design of these high-
performance systems it is very important to be able to
predict its related thermo-fluid dynamic structure.

A number of analyses with conduction, convection
and radiation have been reported in other geometries
rather than backward facing step. Kobiyama et al.
[1] studied the two-dimensional radiative effects on
laminar and turbulent flows of purely absorbing gray
fluids which pass through a finite heating section with
constant wall temperature. Kim and Lee [2] examined
a thermally developing Poiseuille flow with aniso-
tropic scattering between two infinite parallel plates.
The problem of two-dimensional preheating of a gray
fluid in a thermally developing pipe was also inves-
tigated by Echigo et al. [3]. The combined heat trans-
fer in a tube flow with a finite length was solved by
Smith et al. [4], while the nongray medium was
assumed to be isotropically scattering as well as
absorbing.

On the other hand, the work concerning a backward
facing step has rarely been reported. Chai et al. [5]
discussed the effects of radiation in the backward fac-
ing step flow, but it was strictly restricted to incom-
pressible laminar flow. In their analysis, the flow field
was totally decoupled from the energy field due to the
assumption of constant properties. The fiow in a solid
fuel ramjet combustor, which is accompanied by very
high temperature and velocity, must be compressible
as well as turbulent [6]. Therefore, the thermo-fluid
variables of velocity, pressure, density and tem-
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perature are closely coupled with one another. The
main objective of this study resides in understanding
the effects of radiation on the compressible, turbulent
flow in the backward facing step geometry, which has
not been done before.

As a numerical algorithm of the compressible
Navier-Stokes equation, LU-SSOR (lower—upper
symmetric successive over relaxation) implicit scheme
is chosen for time differencing, while the finite volume
method is adopted for space differencing. The zero-
equation algebraic model developed by Baldwin-
Lomax is used for modeling the turbulence effect. The
radiative transfer equation is analyzed by using the
discrete ordinates method (DOM).

2. THEORETICAL MODEL

2.1. Governing equations

As schematically shown in Fig. 1, the compressed
air at high temperature enters the channel and flows
over the backward facing step. Here, H = 0.0381 m,
H, = 2H and the expansion ratio H,/H, = 1.5. The
computation is carried out on a physical domain
beginning 6 step-heights upstream of the step and
ending 30 step-heights downstream of the step. The
upstream computational domain is not only required
to maintain a stable solution near the step, but also
to allow the appropriate establishment of inlet con-
dition at the step. In the work, the main objective
is to seek the role of radiation in the compressible,
turbulent flow. Therefore, a kind of radiatively active
gray gases are presumed to be already mixed with the
air. However, since their volume fraction is small,
their effects on gaseous physical properties are neg-
lected here. In order to simulate the inner environment
of a solid fuel ramjet combustor, the step side wall, as
well as the bottom wall behind the step, is considered
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NOMENCLATURE
a absorption coeflicient 1t vISCosity
e total internal energy Z.n  streamwise and transverse
C, specific heat at constant pressure computational coordinates
H step height P density
I intensity of radiation T Stefan—Boltzmann constant,
J Jacobian 5.67x 1078 W (m? K% !
p pressure D scattering phase function
q heat flux Q angular direction.
¥ radial coordinate
s scattering coefficient
T temperature Superscripts
t time " time index.
u, v streamwise and transverse velocity
components
x,»  Cartesian coordinates. Subscripts
i grid indices
Greek symbols t total
A thermal conductivity w wall.

to be held at very high temperature, whereas all other
walls are assumed to be adiabatic as shown in the
figure.

The dimensionless two-dimensional continuity.
momentum and energy equations that are used in the
analysis can be written in generalized coordinates as

follows :
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In the above equations, each instantaneous variable
is replaced by its mean and fluctuating part and then
all equations are time averaged. Here the standard
time average symbols are omitted for simplicity, and
the following nondimensionalization is to be applied :
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Fig. 1. Geometry for backward facing step flow.
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the subscript co represents the reference value. The

speed of sound is denoted by a = /yp/p.
The pressure is related to conservative flow vari-

ables J through the equation of state
p=ply—Die, =307 +07)}, @

where 7 is the ratio of specific heats.
The components of the viscous stress tensor 7; and
heat flux ¢; are, respectively, given by
ou; Ou; ,

6uk
Tij —(ﬂ+ﬂz)<é‘x_j + 5;1 +35UTXI(> )

oT
q; = -('H'l‘)é;,. +4q. (6)

Here p,, and A, are eddy viscosity and eddy thermal
conductivity. The variation of pu, 4, C, of air with
temperature is as follows [7]:
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The turbulent Prandtl number is set to 0.9 in order
to find 4, from p,.

2.2. Radiative transfer equation

The effect of radiation is taken into consideration
in the energy conservation equation as the divergence
of radiative heat flux, —V-¢4’. For a gray medium,
this term can be denoted by

~Vq =a(r) [J I(r,Q) dQ—47t1b:|, ®)

where [, = o T*.

To find the directional intensity I(r,Q), the fol-
lowing radiative transfer equation (RTE) has to be
solved :

QNI Q) = —[a(r)+s(N}(r. Q)+ a(r)L,(r)
s5(r)
+ 4n L

This equation shows that the rate of change of
intensity in the direction of propagation, Q, is atten-
uated by absorption and out-scattering (from direc-
tion Q to '), and is enhanced by emission and in-
scattering ( from direction Q' to Q).

In this study equation (9) is solved by using the
discrete ordinates approximation [8] with 5 = 0. This
is obtained by dividing the entire solid angle (4= ster-
adians) into a finite number of ordinate directions

with corresponding weight factors. The RTE is there-
fore written for each ordinate direction, while replac-

I(r, QYO —» Q). (9)
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ing the integral term by a quadrature summed over
each ordinate. This method is sometimes referred to
as the S approximation, where N represents the order
of approximation (the number of discrete values of
direction cosines to be considered). In general, for
two-dimensional symmetric geometry, the total num-
ber of ordinate directions, M, is related to the order
of the approximation, N, through the relationship
M = N(N+2)/2. Preliminary evaluations revealed
that the S, approximation is quite adequate in the
present analysis, for no measurable gain in accuracy
was obtained by higher order approximations.

For two-dimensional Cartesian coordinates, the
RTE can be expressed for each individual ordinate
direction, i, as

al; ol s &
‘:'E +rl,~—y + 81, = al, + 47rj; w,l;,
i=12,...,M, (10

where the values i and j denote outgoing and incoming
directions, respectively. £, n; are the direction cosines
of a discrete direction.

2.3. Boundary and initial conditions

(1) Wall boundary conditions. Along the walls, no-
slip boundary condition (u = 0,v = 0) is specified.
Whereas, the top wall is maintained adiabatic requir-
ing the net heat flux by conduction and radiation to
be zero, the step side wall and bottom wall behind
the step are assigned constant temperature. The wall
pressure is obtained using the boundary-layer assump-
tion, such that its normal derivative vanishes at the
wall. The wall emissivity (g,) is set to 0.8.

(2) Subsonic inflow conditions. The characteristic
theory [9] allows three quantities to be specified. Here,
the total pressure, total temperature, and flow angle
have specified values at the inlet. The streamwise static
pressure gradient is set to vanish at the inlet; i.e.
Pi1.; = p2,;- From known values of the total pressure,
static pressure and total temperature, the static tem-
perature can be calculated from the following isen-

tropic relation:
T, P -0y
-0

which then defines the speed of sound. Further, the
Mach number can be calculated from

o {(TJTH}
y—1

which allows the calculation of the streamwise com-
ponent of velocity by multiplying the Mach number
by its sonic velocity. The transverse component of
velocity can be estimated from the specified flow angle.
The density and total internal energy can then be
computed to complete the specification of all necess-
ary conditions.

(an

(12)
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(3) Subsonic outflow conditions. The characteristic
theory allows only one quantity to be specified at the
outlet so that the static pressure is specified therein.
The other flowfield quantities are computed using
zero-order extrapolation from their upstream values.

3. NUMERICAL METHOD

In the present study, the LU-SSOR (lower—upper
symmetric successive over relaxation) scheme is
adopted to solve the two-dimensional Navier—Stokes
equations. The LU-SSOR scheme employs implicit
Newton iteration technique to solve the finite-volume
approximation of the governing equations. The con-
vergence of the Newton iteration method is assured
by the diagonal dominance in the coefficient matrices
generated by the LU-SSOR scheme. A detailed deri-
vation of the LU-SSOR scheme can be found in the
ref. [10]. The final discretized form of the equations
can be given by
(D; A" +D,;B*"—A —B }(D: A"

+D!B +A° +B7)Q
= — (rA+re){DAF"—F)+D(G"—~Gl)}.  (13)

where the Jacobian matrices A, B are defined as

A E g 6 (14)
QT T Q

In equation (13), D and D, are backward differ-
ence operators, while D and D, are forward differ-
ence operators. A", A~, B* and B are constructed
such that the eigenvalues of * +* matrices become non-
negative, whereas those of *— " matrices are kept non-
positive, as follows

A* = {Axr, ), Bt = (Btryl). (15)

where

ra Z max(]2,l).  rp = max(|igl).

Here, 4, and /g represent the eigenvalues of Jaco-
bian matrices. After expanding out the difference
operators on the left hand side (LHS). equation (13)
becomes

(ra +"B)1_/‘if l,r_BiT/» Vs Fre)!
+A5,,+B,,.18Q,,

= —(ra+rp) {D(F"—F)+D,(G" -G} (16)

The present numerical method eliminates the need
for banded block matrix inversions without using a
diagonalization procedure. In fact, with a forward
diagonal sweep for the inversion of the first operator
and a backward diagonal sweep for the inversion of
the second operator only scalar diagonal inversions
are needed to solve equation (16).

In order to take account of turbulent flow, the zero-
equation algebraic turbulence model developed by
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Baldwin and Lomax [11] is used. This model is a two-
layer model in which an eddy viscosity is calculated
at both the inner and outer regions. In both regions,
the distribution of vorticity is used to determine the
length scales. The primary advantage of this model is
its simplicity, so that the boundary layer thickness
does not need to be calculated.

4. RESULTS AND DISCUSSION

In order to verify the present compressible Navier—
Stokes code, the internal static pressure is calculated
for JPL nozzle and compared with the experimental
data [12] as shown in Fig. 2. The inflow stagnation
pressure and stagnation temperature are 4.824 x 10°
Pa and 300 K, respectively. The supersonic outflow
conditions are given. The present results are in good
agreement with the experimental data.

After validating the computational code as above,
the compressible turbulent flow over the backward
facing step is computed and the results are cast in the
following. The grid system is depicted in Fig. 3, in
which 120 by 60 mesh points are placed along the
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Fig. 2. JPL nozzle geometry and its pressure distribution on
the wall and centerline. (a) JPL nozzle geometry. (b) Pressure
distribution on the wall and centerline.
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Grid (20x40,100x80)

Fig. 3. Grid system for backward facing step flow.

streamwise and transverse directions. More grids are
laid out near the wall and step. The total pressure and
total temperature of inlet flow are 1.042 x 10° Pa and
712.6 K, respectively. The outflow static pressure is
set to be 1.013 x 10° Pa. These conditions correspond
to inlet Ma number of 0.3 and inlet Reynolds number
of 8.421 x 10* [13]. The inflow is assumed to be fully
developed turbulent flow.

The streamlines are plotted for various thermal con-
ditions in Fig. 4(a—¢): (a) all the walls are adiabatic
while neglecting radiation ; (b) the thermal condition
at the step wall and the bottom wall behind the step
is changed to 2000 K, while still neglecting radiation
(c—e) the thermal condition at the walls are the same
as in the case (b). However, the radiation effect is
taken into consideration with absorption coefficient
a = 10, 20, 40 m~", respectively.

In the case (a) the reattachment length is observed
to be about 6.9H, which is considered to be consistent
with former results (4.9H < xi < 8.2H) [14]. In this
case all the fluid temperature is uniformly kept at the
same temperature as inlet, since all the walls are

adiabatic. When the adiabatic lower walls are replaced
by the constant wall temperatures with 2000 K, which
corresponds to case (b), the reattachment length
becomes shorter than case (a). In this case, the fluid
temperature increases due to heat addition from the
lower walls as shown in Fig. 5(b), representing the
isothermal contours so that the static pressure is also
increased. However, since the outflow static pressure
is set at a constant value, the adverse pressure gradient
in case (b) becomes smaller than that in case (a). The
fundamental mechanism to determine the reattach-
ment point is known to be reentrainment of the
shear layer [15]. That is, the flow reattaches when the
pressure-gradient-driven backflow balances with the
entrained flow from the recirculating zone to the shear
layer. When the adverse pressure gradient is reduced,
less fluid is coming back into the recirculating zone,
so that the shear layer requires a shorter length to
entrain the backflow outward. That is why the
decrease in the adverse pressure gradient leads to the
decrease in reattachment length such that case (b)
has a shorter reattachment length. The reattachment

(a) Adiabatic walls without radiation

(b) Adiabatic top wall and constant temperature lower wall without radiation

& L} 13

(c) With radiation, a=10m"

[} 3

(d) With radiatlon, a=20m™

(e) With radiation, a=40m"

T W

Fig. 4. Streamlines for various thermal conditions.
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(a) Adiabatic walls without radiation :
Uniform temperature

(b) Adiabatic top wall and constant temperature Jower wall without radiation
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Fig. 5. Temperature contours for various thermal conditions.

length is also linked to the shear-layer growth rate.
When the shear-layer growth rate is increased. the
entrainment rate from the recirculation zone also
increases. The shear layer, therefore, comes to require
a shorter reattachment length to entrain outward the
fluid coming back from the reattachment zone.

Once the radiation effect is introduced as in the
cases (c—e), as seen in Fig. 5, the fluid temperature
is increased further due to greater radiative energy
absorption from the lower wall than case (b). The
consequent smaller adverse pressure gradients
obtained in cases (¢-¢), thus, produce an even shorter
reattachment length than case (b). Therefore, the tur-
bulent boundary layer after reattachment is more
quickly developed. In Fig. 5(c—e) it is also observed
that the fluid can warm up increasingly fast through
the far-reaching effects of radiation from the lower
walls, as the absorption coefficient decreases.

The pressure contours are depicted in Fig. 6. After
a sudden expansion, the velocity is reduced while the
pressure is minimum at the step and then increases
along the duct in case (a). In cases (b-e), as the fluid
is heated up, the pressure is increased further and the
points of maximum pressures occur in the middle of
the duct. Afterwards, along the downstream, the pres-
sure is observed to decrease again so that the fluid is
accelerated again as shown in Fig. 7, in which the
axial velocity variation is shown at five locations for
a=10m™" In case (c), the maximum pressure region
is located upstream, compared with case (e), because

the fluid is warmed up faster as a result of a smaller
absorption coeflicient, as can be seen in Fig. 6.

The effect of radiation on the temperature dis-
tribution is shown in Fig. 8 at two axial locations
x = 5H, 25H from the step. For the case of no radi-
ation, the fluid temperature steadily decreases from
the lower hot wall toward the top adiabatic wall. For
the case with radiation, the bigger the absorption
coefficient, the higher the fluid temperature is near the
lower hot wall, but the lower the fluid temperature is
near the top adiabatic wall. The reason is that the
radiation has a far-reaching effect as the absorption
coefficient decreases. It must also be noted that there
exists a temperature gradient at the top adiabatic wall
for the case with radiation, because it is adiabatic from
the sense of total heat flux comprising conduction and
radiation.

The conductive, convective, radiative and total heat
flux vectors are plotted for ¢ = 10 m ' in Fig. 9. The
recirculating zone is especially emphasized, for the
convective heat flux is predominant elsewhere due to
its high fluid velocity. It is only in the recirculating
zone that the radiative heat flux becomes comparable
to the convective heat flux. Nevertheless, in the recir-
culating zone, the role of conduction is almost negli-
gible. In the given figure the maximum radiative heat
flux amounts to only 6% of the maximum convective
heat flux. Therefore, the effect of radiation would be
quite limited in this kind of physical condition chosen
for this study.
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(a) Adiabatic walls without radiation
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(c) With radiatien, a=10m"™

(d) With radiation, a=20m-1

(o) With radiation, a=40m-1
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Fig. 6. Pressure contours for various thermal conditions.
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Fig. 7. Axial velocity variation along the downstream.

5. CONCLUSION

Numerical analysis has been performed to analyze
a compressible turbulent flow over a backward facing
step. Especially, the effect of radiation on the thermo-
fluid dynamic behavior has been discussed. It led to
a decrease in the reattachment length due to faster
heating, which results in the lower adverse pressure
gradient. Temperature distribution was also influ-
enced by radiation, depending on the absorption

coefficient. But the radiative heat flux was found to be
negligible except for the recirculating region, com-
pared with the convective heat flux. Consequently, the
role of radiation is considered to be quite limited in
this sense for the conditions given here.
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